The paper proposes a comparison between classical two-dimensional (2D) finite elements (FEs) and an exact three-dimensional (3D) solution for the free vibration analysis of one-layered and multilayered isotropic, composite and sandwich plates and cylinders. Low and high order frequencies are analyzed for thick and thin simply supported structures. Vibration modes are investigated to make a comparison between results obtained via the finite element method and those obtained by means of the exact three-dimensional solution. The 3D exact solution is based on the differential equations of equilibrium written in general orthogonal curvilinear coordinates. This exact method is based on a layer-wise approach, the continuity of displacements and transverse shear/normal stresses is imposed at the interfaces between the layers of the structure. The geometry for shells is considered without any simplifications. The 2D finite element results are obtained by means of a well-known commercial FE code. The differences between 2D FE solutions and 3D exact solutions depend on the considered mode, the order of frequency, the thickness ratio of the structure, the geometry, the embedded material and the lamination sequence.
Introduction
The present paper investigates low and high frequencies in the case of free vibration response of simply-supported one-layered and multilayered isotropic, composite and sandwich plates and cylinders. The behavior and design of vibrating shells and plates have been extensively discussed in the reports by Leissa [1, 2] and more recently in the book by Werner [3] and in the work by Brischetto and Carrera [4] , among others.
The main aim of this work is the comparison between results obtained by means of an exact three-dimensional (3D) solution and those obtained by means of the classical two-dimensional (2D) finite element method (FEM). The proposed exact 3D solution has been developed by Brischetto in [5] - [7] where the differential equations of equilibrium written in general orthogonal curvilinear coordinates have exactly been solved by means of the exponential matrix method. The 2D FE results have been obtained by means of the commercial finite element code MSC Nastran [8] . In the most general case of exact threedimensional analyses, the number of frequencies for a free vibration problem is infinite: three displacement components (3 degrees of freedom DOF) in each point (points are ∞ in the 3 directions x, y, z) leads to 3×∞ 3 vibration modes.
Assumptions are made in the thickness direction z in the case of a two-dimensional plate/shell model, the three displacements in each point are expressed in terms of a given number of degrees of freedom (NDOF) through the thickness direction z. NDOF varies from theory to theory. As a result, the number of vibration modes is NDOF × ∞ 2 in the case of exact 2D models. For exact beam models, the number of vibration modes is NDOF×∞ 1 . In the case of computational models, such as the Finite Element (FE) method, the number of modes is a finite number. This number coincides with the number of employed degrees of freedom: ∑︀ Node 1 NDOF i , where Node denotes the number of nodes used in the FE mathematical model, and NDOF i is the NDOF through the thickness direction z in the i-node. It is clear that some modes are tragically lost in simplified models (such as computational two-dimensional models) [4] . In order to make a comparison between the 2D FE free vibration results and the 3D exact free vibration results, the investigation of the vibration modes is mandatory in order to understand what are the frequencies that must be compared.
The most relevant works about three-dimensional free vibration analysis of plates are shown below. Analytical three-dimensional solutions for free vibrations of a simply supported rectangular plate made of an incompressible homogeneous linear elastic isotropic material were proposed in Aimmanee and Batra [9] and in Batra and Aimmanee [10] . A three-dimensional linear elastic, small deformation theory obtained by the direct method was developed in Srinivas et al. [11] for the free vibration of simply supported, homogeneous, isotropic, thick rectangular plates. The same method was previously proposed in Srinivas et al. [12] for the flexure of simply supported homogeneous, isotropic, thick rectangular plates under arbitrary loads. Batra et al. [13] showed useful comparisons between two-dimensional models and an exact three-dimensional solution for free vibrations of a simply supported rectangular orthotropic thick plate. Ye [14] presented a threedimensional elastic free vibration analysis of cross-ply laminated rectangular plates with clamped boundaries; the analysis was based on a recursive solution. Comparisons between 2D-displacement-based-models and exact results of the linear three-dimensional elasticity were proposed in Messina [15] for natural frequencies, displacement and stress quantities in multilayered plates. A global three-dimensional Ritz formulation was employed in Cheung and Zhou [16] for the exact three-dimensional elastic investigation of isosceles triangular plates, and in Liew and Yang [17] for the three-dimensional elastic free vibration analysis of a circular plate. A set of orthogonal polynomial series was used to approximate the spatial displacements. Theoretical high frequency vibration analysis is fundamental in a variety of engineering designs. The importance of high frequency analysis of multilayered composite plates was also confirmed in the literature [4] . Zhao et al. [18] introduced the discrete singular convolution (DSC) algorithm for high frequency vibration analysis of plate structures, the Levy method was also employed to provide exact solutions to validate the DSC algorithm. The same investigation (comparison between DSC algorithm and the Levy method) was also proposed in Wei et al. [19] . Taher et al. [20] computed the first nine frequency parameters of circular and annular plates with variable thickness and combined boundary conditions, the eigenvalue equation was derived by means of three-dimensional elasticity theory and Ritz method. Xing and Liu [21] proposed the separation of variables to solve the Hamiltonian dual form of eigenvalue problem for transverse free vibrations of thin plates. Vel and Batra [22] extended three-dimensional exact models to free vibration of functionally graded material plates.
The most relevant works about three-dimensional free vibration analysis of shells are shown below. The coupled free vibrations of a transversely isotropic cylindrical shell embedded in an elastic medium were studied in [23] where the three-dimensional elastic solution used three displacement functions to represent the three displacement components. Free vibrations of simply-supported cylindrical shells were studied in [24] on the basis of three dimensional exact theory. Extensive frequency parameters were obtained by solving frequency equations. The free vibrations of simply-supported cross-ply cylindrical and doubly-curved laminates were investigated in [25] . The three-dimensional equations of motion were reduced to a system of coupled ordinary differential equations and then solved using the power series method. The threedimensional free vibrations of a homogenous isotropic, viscothermoelastic hollow sphere were studied in [26] . The surfaces were subjected to stress-free, thermally insulated or isothermal boundary conditions. The exact three-dimensional vibration analysis of a trans-radially isotropic, thermoelastic solid sphere was analyzed in [27] . The governing partial differential equations in [26] and [27] were transformed into a coupled system of ordinary differential equations. Fröbenious matrix method was employed to obtain the solution. Soldatos and Ye [28] proposed exact, three-dimensional, free vibration analysis of angle-ply laminated thick cylinders having a regular symmetric or a regular antisymmetric angle-ply lay-up. Armenakas et al. [29] proposed a self-contained treatment of the problem of plane harmonic waves propagation along a hollow circular cylinder in the framework of the threedimensional theory of elasticity. A comparison between a refined two-dimensional analysis, a shear deformation theory, the Flügge theory and an exact elasticity analysis was proposed in [30] for frequency investigation. Further details about the Flügge classical thin shell theory concerning the free vibrations of cylindrical shells with elastic boundary conditions can be found in [31] . Other comparisons between two-dimensional closed form solutions and exact 3D elastic analytical solutions for the free vibration analysis of simply supported and clamped homogenous isotropic circular cylindrical shells were also proposed in [32] . Vel [33] extended exact elasticity solutions to functionally graded cylindrical shells. The threedimensional linear elastodynamics equations were solved using suitable displacement functions that identically satisfy the boundary conditions. Loy and Lam [34] obtained the governing equations using an energy minimization principle. A layer-wise approach was proposed to study the vibration of thick circular cylindrical shells on the basis of three-dimensional theory of elasticity. Wang et al. [35] proposed the three-dimensional free vibration analysis of magneto-electro-elastic cylindrical panels. Further results about three-dimensional analysis of shells, where the solutions are not given in closed form, can be found in [36] for the dynamic stiffness matrix method and in [37] and [38] for the three-dimensional Ritz method for vibration of spherical shells.
The papers of the literature discussed in this introduction show the three-dimensional analysis for free vibrations of plates or shells. They separately analyze shell or plate geometries and they do not give a general overview for both structures. The proposed exact 3D model uses a general formulation for several geometries (square and rectangular plates, cylindrical and spherical shell panels, and cylindrical closed shells). The equations of motion for the dynamic case are written in general orthogonal curvilinear coordinates using an exact geometry for multilayered shells. The system of second order differential equations is reduced to a system of first order differential equations, and afterwards it is exactly solved using the exponential matrix method and the Navier-type solution. The approach is developed in layer-wise form imposing the continuity of displacements and transverse shear/normal stresses at each interface. The exponential matrix method has already been used in [15] for the threedimensional analysis of plates in rectilinear orthogonal coordinates and in [28] for an exact, three-dimensional, free vibration analysis of angle-ply laminated cylinders in cylindrical coordinates. The equations of motion written in orthogonal curvilinear coordinates are a general form of the equations of motion written in rectilinear orthogonal coordinates in [15] and in cylindrical coordinates in [28] . The present equations allow general exact solutions for multilayered plate and shell geometries as already seen in the past author's works [5] - [7] . In the literature review proposed in this introduction, only few works analyzes higher order frequencies. Moreover, papers that discuss the comparison between 2D models and exact 3D models are even less. The present work aims to fill this gap, it proposes a comparison between the free frequencies for plates and cylinders obtained by means of the commercial FE code MSC NASTRAN and those obtained by means of the exact 3D solution. The proposed 3D exact solution gives results for plates, cylindrical and spherical shell panels, and cylindrical closed shells. However, the comparison with the commercial FE code is proposed only for plates and cylinders. This choice is made for the sake of brevity, and further investigations for cylindrical and spherical shell panels could be proposed in the future. The aim of the present paper is to understand how to compare these two different methods (exact 3D and numerical 2D solutions) and also to show the limits of a classical 2D FE solution. 
Exact elasticity solution for shells
The three differential equations of equilibrium written for the case of free vibration analysis of multilayered spherical shells made of N L layers with constant radii of curvature Rα and R β are (the general form for variable radii of curvature can be found in [39] and [40] ): 
where ρ k is the mass density, (σ ααk , σ ββk , σ zzk , σ βzk , σ αzk , σ αβk ) are the six stress components andü k ,v k andẅ k indicate the second temporal derivative of the three displacement components. Each quantity depends on the k layer. Rα and R β are referred to the mid-surface Ω 0 of the whole multilayered shell (see Figure 1 for further details about shell geometry). Hα and H β continuously vary through the thickness of the multilayered shell and they depend on the thickness coordinate. The parametric coefficients for shells with constant radii of curvature are:
Hα and H β depend on z orz coordinate (see Figure 2 for further details). The geometrical relations written for shells with constant radii of curvature are obtained from the general straindisplacement relations of the three-dimensional theory of elasticity in orthogonal curvilinear coordinates proposed in [39] and [41] :
Geometrical relations for spherical shells degenerate into geometrical relations for cylindrical shells when Rα or R β is infinite (with Hα or H β equals one), and they degenerate into geometrical relations for plates when both Rα and R β are infinite (with Hα=H β =1). Three-dimensional linear elastic constitutive equations in orthogonal curvilinear coordinates (α, β, z) for orthotropic material in the structural reference system are given for a generic k layer of the multilayered structure:
The closed form of Eqs. (1)- (3) is obtained for simply supported shells and plates made of isotropic material or orthotropic material with 0 ∘ or 90 ∘ orthotropic angle (in both cases C 16k = C 26k = C 36k = C 45k = 0). The three displacement components have the following harmonic form:
where U k , V k and W k are the displacement amplitudes in α, β and z directions, respectively. i is the coefficient of the imaginary unit, ω = 2πf is the circular frequency where f is the frequency value, t is the time. In coefficientsᾱ = mπ a andβ = nπ b , m and n are the half-wave numbers and a and b are the shell dimensions in α and β directions, respectively (calculated in the mid-surface Ω 0 ).
The system of equations in closed form is obtained substituting Eqs. (5)- (10), (11)- (16) and (17)- (19) in the equilibrium equations proposed in Eqs. (1)- (3):
The system of Eqs. (20)- (22) can be written in a compact form introducing coefficients A sk for each block (︁)︁ with s from 1 to 19:
The Eqs. (23)- (25) are a system of three second order differential equations. They are written for spherical shell panels with constant radii of curvature but they automatically degenerate into equations for cylindrical shells and plates. The system of second order differential equations proposed in Eqs. (23)- (25) can be reduced to a system of first order differential equations using the method described in [42] and [43] (further details can also be found in past author's works [5] [6] [7] ):
Eq. (26) can be written in a compact form for a generic k layer:
where
The Eq. (27) can be written as:
with [43] , [44] :
wherez k is the thickness coordinate of each layer from 0 at the bottom to h k at the top (see Figure 2 ). The exponential matrix for the plate case (constant coefficients A sk ) is calculated withz k = h k for each k layer as:
where I is the 6×6 identity matrix. This expansion has a fast convergence as indicated in [45] and it is not time consuming from the computational point of view. In the case of N L layers for shell geometry A * k is not constant in each k layer because Hα(z) and H β (z) are not constant.
In the case of multilayered plates, N L − 1 transfer matrices T k−1,k must be calculated using for each interface the following conditions for interlaminar continuity of displacements and transverse shear/normal stresses:
each displacement and transverse stress component at the top (t) of the k-1 layer is equal to displacement and transverse stress components at the bottom (b) of the k layer. The Eqs. (33)- (34) can be grouped in a system (details can be found in [5] , [6] and [7] ):
Eq. (35) in compact form is:
The calculated T k−1,k matrices allow to link U at the bottom (b) of the k layer with U at the top (t) of the k − 1 layer. Eq. (36) can also be written as:
where U k is calculated forz k = 0 and U k−1 is calculated forz k−1 = h k−1 . U at the top of the k layer is linked with U at the bottom of the same k layer by means of the exponential matrix A ** k :
Eq. (37) can recursively be introduced in Eq. (38) for the N L − 1 interfaces to obtain:
the definition of the matrix Hm for the multilayered plate allows Eq. (39) to be written as:
that links U calculated at the top of the last N L layer with U calculated at the bottom of the first layer. In the case of multilayered plates, matrices D k , A k and A * k are constant in each k layer because Rα and R β are infinite and Hα and H β equal 1. In the case of shell geometry matrices D k , A k and A * k are not constant in each layer because of parametric coefficients Hα and H β that depend onz coordinate (see Figure 2) . A first method could be the use of hypothesis z Rα = z R β = 0 (it is valid only for very thin shells) that means Hα = H β = 1. In this case the solution is the same already seen for the multilayered plate because matrices D k , A k and A * k are constant in each k layer. This method is not used in this paper because it is an approximation that is valid only for very thin shells, and it does not consider the exact geometry of the structure. The second method (used in this paper) is the introduction of several j fictitious layers in each k physical layer where Hα and H β can exactly be calculated. Matrices A ** j are constant in the j layer because they are evaluated with Rα, R β ,ᾱ andβ calculated in the mid-surface Ω 0 of the whole shell, and with Hα and H β calculated in the middle of each j fictitious layer. Matrices T j−1,j are also constant because they are calculated with Rα, R β ,ᾱ andβ calculated in the mid-surface Ω 0 of the shell, and with Hα and H β calculated at each fictitious interface. In the present paper each physical k layer of the multilayered shell is divided in j fictitious layers where we can recursively apply the Eqs. (36)- (40) with index q=k× j in place of index k. The thickness of each fictitious layer is hq. The index q considers all the fictitious and physical layers and it goes from 1 to P. N=3 for the exponential matrix in Eq. (32) for each q layer guarantees the exact convergence for each shell investigated. The total number of mathematical layers that will be used for multilayered shell investigations will be P=102 or P=100 (it will depend on the analyzed case).
The structures are simply supported and free stresses at the top and at the bottom of the whole multilayered shell, this feature means:
Eqs. (41)- (43) in compact form to express the free stress state at the top and bottom of the whole shell are (further details can be found in [5] , [6] and [7] ):
Eq. (40) can be substituted in Eq. (44) considering a total number of layers equals P (both physical and fictitious layers, and not only the physical layers N L ):
Eqs. (46) and (47) can be grouped in the following system:
and introducing the 6 × 6 E matrix, the Eq. (48) is:
The Eq. (49) is also valid for plate case where the fictitious layers are not introduced and B NL (h NL ) = B P (h P ). Matrix E has always 6 × 6 dimension, independently from the number of layers P, even if the method uses a layer-wise approach. The solution is implemented in a Matlab code where only the spherical shell method is considered, it automatically degenerates into cylindrical open/closed shell and plate geometries. The free vibration analysis means to find the nontrivial solution of U 1 (0) in Eq. (49), this means to impose the determinant of matrix E equals zero:
Eq. (50) means to find the roots of an higher order polynomial in λ = ω 2 . For each pair of half-wave numbers (m,n) a certain number of circular frequencies are obtained depending on the order N chosen for each exponential matrix A ** q . A certain number of circular frequencies ω l are found when half-wave numbers m and n are imposed in the structures. For each frequency ω l , it is possible to find the vibration mode through the thickness in terms of the three displacement components. If the frequency ω l is substituted in the 6×6 matrix E, this last matrix has six eigenvalues. We are interested to the null space of matrix E that means to find the 6 × 1 eigenvector related to the minimum of the six eigenvalues proposed. This null space is, for the chosen frequency ω l , the vector U calculated at the bottom of the whole structure:
T means the transpose of the vector and the subscript ω l means that the null space is calculated for the circular frequency ω l . It is possible to find Uqω l (zq) (with the three displacement components Uqω l (zq), Vqω l (zq) and Wqω l (zq) through the thickness) for each q layer of the multilayered structure using Eqs. (37)- (40) with the index q (in place of k) from 1 to P. The thickness coordinatez can assume all the values from the bottom to the top of the structure. For the plate case the procedure is simpler because there are not the j fictitious layers and the index q coincides with the index k of the physical layers (in this case, the total number of layers is N L and it is not P).
Validation of the 3D exact model
Before the comparison study between the 3D exact solution and the 2D FE solution, the proposed 3D exact model has been validated by means of several comparisons with other 3D results already given in the literature. The validation considers plates, cylinders, cylindrical panels and spherical panels (see Figure 3 for further details). Both one-layered and multilayered configurations are analyzed. The order of expansion employed for the exponential matrix is N=3. P=100 fictitious layers have been used for the investigation of one-, two-and four-layered structures. P=102 fictitious layers have been used for the investigation of three-layered structures. An appropriate convergence study has already been proposed in [5] , [6] and [7] .
The first assessment considers a simply supported one-layered square plate (a=b=10 m) with thickness h=1 m. The only embedded layer is the isotropic aluminium alloy with Young modulus E=70 GPa, Poisson ratio ν=0.3 and mass density ρ=2702 kg/m 3 . The first six circular frequencies are given in non-dimensional formω = ω a 2 h √︁ ρ E for half-wave numbers m=n=1. Table 1 compares the present 3D solution with 3D solutions by Vel and Batra [22] and Srinivas et al. [12] . Compared results are identical for each proposed vibration mode. The second assessment shows the free frequencies for a simply supported one-layered cylinder with radii of curvature Rα=1 m and R β = ∞, and circular dimension a = 2π Rα. The material is isotropic (the same aluminium alloy proposed in the first assessment). In Table 2 , the proposed thickness values are h=0.12 m and h=0.18 m, and the b dimension values can be 2m or 1 m. Table 2 shows the first circular frequency in non-dimensional formω = ω h π √︁ ρ G for longitudinal half-wave number n=1 and several m circular half-wave numbers. The present 3D solution is coincident with 3D solutions by Armenakas et al. [29] and Bhimaraddi [30] for each proposed h/Rα and b/Rα ratios. The third assessment gives several frequencies for a simply supported multilayered composite cylindrical panel with radii of curvature Rα=10m and R β = ∞, and dimensions a=b=5m. The thickness is h=0.5m (the shell is moderately thick with a thickness ratio Rα/h=20). The composite layers have properties Table   3 . The imposed half-wave numbers m and n are indicated in the table. For m=n=1 the first three modes are shown, only the first mode is given for the other combinations of half-wave numbers m and n. The present 3D solution is coincident with the 3D solution by Huang [25] for each proposed half-wave number, vibration mode, and number of physical layers N L embedded in the multilayered composite structure.
The last assessment considers several frequencies for a simply supported multilayered composite spherical panel with radii of curvature Rα=10m and R β =10m, dimensions a=b=2m and thickness value h=0.2m (the shell is moderately thin with a thickness ratio Rα/h=50). The composite layers have the same properties already seen for the third assessment. Non-dimensional circular frequenciesω = ωRα √︁ ρ E0 for several physical layers N L and lamination sequence (0 Table   4 . The present 3D solution gives the same results of the 3D solution by Huang [25] for each proposed half-wave number and for each number of physical layers N L embedded in the multilayered composite structure. The first vibration mode is investigated for each combination of half-wave numbers m and n. The proposed 3D solution has successfully been validated for each geometry (plate, cylinder, cylindrical and spherical shell panels), lamination sequence, embedded material, thickness ratio, vibration mode and imposed half-wave numbers. Therefore, it can be used with confidence to validate the FE models and also to make the comparisons between the exact 3D solutions and the computational 2D models.
Finite element model
The 2D finite element results proposed in this paper have been obtained by means of the FE commercial code known as MSC Nastran & Patran [8] . Only simple geometries are analyzed in this paper (plates and cylinders). For these structures a maximum number of 5000 elements is sufficient for a correct convergence in the case of free vibration analysis (as it will be demonstrated in the section about the validation of the FE model). The 2D element employed in the free vibration analysis is the SHELL QUAD4 element of Nastran, it has four nodes for each element that are collocated in the four corners. The kinematic model used by Nastran in its 2D FEs is based on the Reissner-Mindlin hypotheses (equivalent single layer approach and constant transverse displacement in the z direction).
Validation of the 2D FE model
The FE model will be validated only for plates and cylinders because in Section 4 comparisons will be made only for these two geometries. This choice is due to the fact that we want to compare several laminations, materials and modes without lose in clarity and conciseness. The investigation for cylindrical and spherical panels could be the topic of a future work. The first assessment for the FE model considers a simply supported one-layered square plate (dimensions a=b=1 m) with thickness ratios a/h=1000 and a/h=100. The layer is made of an isotropic aluminium alloy with Young modulus E=73 GPa, Poisson ratio ν=0.3 and mass density ρ =2800 kg/m 3 . The second assessment for the FE model analyzes a simply supported two-layered cylinder (radii of curvature Rα=10m and R β =∞, and dimensions a = 2πRα and b=20m) with thickness ratios Rα/h=1000 and Rα/h=100. The isotropic layer at the bottom is the same already seen for the first assessment about the onelayered isotropic plate. The isotropic layer at the top is a titanium alloy with Young modulus E=114 GPa, Poisson ratio ν=0.3 and mass density ρ = 2768kg/m 3 . The third assessment for the FE model proposes the same geometry of the cylinder described in the second assessment. In this third case, the structure is simply supported and it is multilayered embedding three composite layers with lamination sequence 90 The results for the first assessment are shown in Table  5 . For both thickness ratios (a/h=1000 and a/h=100), the first frequency is obtained with imposed half-wave numbers m=n=1, and the second frequency is obtained with m=1 and n=2. FE results with a rare mesh are more rigid than 3D results, therefore frequency values are bigger. These frequency values decrease and they are coincident with the 3D exact results when the mesh size increases. For a 70×70 mesh (that means 4900 elements), the FE value is very close to the 3D exact value for both frequencies (first and second) and for both thickness ratios (a/h=1000 and a/h=100). The error in percentage ∆(%) is always less than 0.1%. Results of Table 5 are also shown in graphical form in Figures 4 and 5 for a/h=1000 and a/h=100, respectively. The top image is for the first frequency and the bottom image is for the second frequency.
The results for the second assessment are shown in Table 6 . The structure is two-layered with a transverse anisotropy, the FE results converge to the 3D exact solution when the mesh size increases. For the cylinder with Rα/h=1000, the first frequency is obtained with circular half-wave number m=18 and longitudinal half-wave number n=1, the second frequency is obtained with m=20 and n=1. For the thicker cylinder (Rα/h=100), the first frequency is for m=10 and n=1, and the second frequency is for m=12 and n=1. For a rare mesh, the error given by the 2D FE model is large, this error is almost zero for a refinement of the mesh (127 × 38 that means 4826 elements). These results are confirmed in graphical form in Figures  6 and 7 for thickness ratios Rα/h=1000 and Rα/h=100, respectively. In this assessment, 2D frequencies are sometimes smaller than 3D frequencies. However, these differences are negligible (always less than | 0.1 | %).
The third assessment is a composite three-layered cylinder, it is shown in Table 7 . The first frequency is obtained with m=22 and n=1 for thickness ratio Rα/h=1000, and with m=12 and n=1 for Rα/h=100. The second frequency is obtained with m=24 and n=1 for thickness ratio Rα/h=1000, and with m=10 and n=1 for Rα/h=100. 2D FE results with a rare mesh give bigger frequencies than 3D exact results. FE results converge to the 3D solution when the mesh increases. There is a very small error (always ∆(%) ≤ 0.18%) when the mesh is 127 × 38. All these results are confirmed in graphical form in Figures 8 and 9 . The 2D FE model has been validated for both geometries (plates and cylinders) and for several lamination sequences (one-layered, two-layered and three-layered structures embedding isotropic or orthotropic materials). The FE model correctly converges with a 70 × 70 mesh for the plate geometry, and with a 127 × 38 mesh for the cylinder. Such values will always be used in Section 4 for the detailed comparison between the 3D exact solution and the 2D computational model. 
Results
This section proposes a detailed comparison between the 3D exact model discussed in this paper and 2D FE models obtained via the code MSC Nastran & Patran [8] . As demonstrated in the sections about the validation of the models, all the 3D exact results use an order of expansion N=3 for the exponential matrix, and P=100 fictitious layers for one-layered, two-layered and four-layered structures or P=102 fictitious layers for three-layered geometries. The 2D FE results use the SHELL QUAD4 element of Nastran with a 70 × 70 mesh for all the plate geometries and a 127 × 38 mesh for all the cylinder geometries. The comparisons will be made only for plates and cylinders in order to focus our attention to several laminations and materials. In this way, we are able to contain the length of the paper and we do not lose in clarity. For shell geometries, frequencies with w≠ 0 are obtained twice by Nastran (for each couple of (m,n)) because the section of the cylinder is symmetric. However, these two vibration modes are equal and we will write only one frequency in the 
Comparison between the two models
The first geometry considered in this investigation is a simply supported square plate with dimensions a=b=1 m. For all the benchmarks, the comparison is proposed calculating the first ten frequencies via the 2D FE code. From the visualization of these ten vibrations modes, it is possible to understand the half-wave numbers in the α and β directions. Therefore, these half-wave numbers have been used to calculate the same ten frequencies via the 3D exact model. There are some frequencies missed by the FE code, but they have not been investigated via the 3D exact model because this is not the main aim of the paper. The main aim of the paper is to understand the differences between the 2D FE and the 3D exact model for the first ten frequencies given by the 2D FE code. It is also important to understand what are the features that influence these differences (geometry of the structures, materials, lamination sequences, thickness ratios, order of frequencies, vibration modes).
The first benchmark considers a one-layered isotropic plate (see Table 8 and Figure 10 ). For plate geometry the first ten frequencies for thin structures (a/h=1000 and a/h=100) are obtained with all the possible combinations of half-wave numbers in α and β directions from 1 to 4. The 3D model obtains such frequencies as the first mode for each couple of (m,n). The FE code works very well for thin plates (a/h=1000 and 100), where the error is meaningless (always less than 0.3%) for all the first ten frequencies. In the case of thick plates (a/h=20 and 10), the FE code works well only for low frequencies and it gives significant errors for higher order frequencies (reaching an error of 2.31% for the tenth frequency of the a/h=10 plate). For thick plates, the FE code gives some modes that have the transverse displacement w=0 (they are in-plane modes). The 3D model also gives such values (mode II for Figure 10 shows the first five vibration modes with transverse displacement w≠ 0 obtained via the FE code. These modes are important to understand the half-wave numbers (m,n) to use for the 3D exact investigation. The 3D exact model gives the vibration modes in terms of displacement components u, v and w in the thickness direction z (right side of Figure 10 ) because the behavior in α and β directions is already known (via the imposed half-wave numbers (m,n) obtained from the FE analysis). The second benchmark is a a one-layered isotropic cylinder embedding the same material already seen for the benchmark 1. Frequencies and vibration modes are shown in Table 9 . Even if the employed material is the same, the behavior is completely different due to the coupling caused by the radius of curvature Rα. For each thickness ratio the lowest frequency is obtained for different couples of half-wave numbers (m,n), these values decrease when the thickness of the shell increases. For such a structure the vibration behavior is not a priori predictable because there is not a regular sequence of (m,n) that gives the first ten frequencies for thin structures (Rα/h=1000 and Rα/h=100). In this case, it is fundamental to obtain the first ten frequencies via the FE code because the mode visualization of Nastran allows to understand what are the half-wave numbers (m,n) to use in the 3D exact model. The cylinder has a symmetric geometry, for this reason for each couple of (m,n) the frequencies with w≠ 0 are twice given. However, only one value is written in the tables. For thin cylinders (Rα/h=1000 and 100) the 2D FE results are coincident with the 3D exact results (the error ∆(%) is always negligible). For thick cylinders (Rα/h=10 and Rα/h=5), there are some FE frequencies that are quite different from the corresponding 3D frequencies (see for example the tenth frequency for Rα/h = 10). These differences are not a priori predictable because the frequencies do not monotonously increase with the increasing of halfwave numbers (m,n). For thick cylinders, the 2D FE code gives some modes with w=0 that are also given by the 3D model.
The third benchmark considers a two-layered isotropic plate, see any coupling due to the curvature, therefore the frequencies have the same behavior already seen for the benchmark 1 (they monotonously increase with the increasing of the half-wave numbers (m,n)). Therefore, the vibration behavior can be predicted for these structures. Errors for thin plates (a/h=1000 and 100) are small, but these errors for thick plates (a/h=20 and 10) are bigger even when low frequencies are investigated. For thick plates, there are some in-plane modes with w=0 that are coincident with the values given by the 3D model. However, some modes given by the 3D code have tragically been lost by the FE code (e.g., see mode I for m=0 and n=1 or m=1 and n=0 in the case of a/h=20 and a/h=10 plates).
The fourth benchmark analyzes the free vibrations for a simply supported two-layered isotropic cylinder. Results are shown in Table 11 and in Figure 11 . The radius of curvature Rα gives a coupling between the displacement components. In this way, the vibration behavior is not a priori predictable, as already seen for the second benchmark for the one-layered cylinder. The considerations are the same seen for the one-layered cylinder even if some errors given by the 2D FE model are bigger because there is a transverse anisotropy due the presence of these two different isotropic layers (see Table 11 for further details). Nastran gives some modes with w=0 for thick shells (Rα/h=10 and Rα/h=5). The 3D model gives such results but it also gives further frequencies that are not obtained by the 2D FE code (e.g., the mode I with m=0 and n=1 for Rα/h=5). Figure 11 shows the first five frequencies with w≠ 0 obtained via Nastran (on the left side) and the corresponding first five frequencies with w≠ 0 obtained via the 3D exact model (on the right side). 3D modes are plotted only through the thickness direction because the behavior in α and β directions is known (imposed half-wave numbers (m,n)). However, all the first ten vibration modes given in the tables have been plotted via Nastran in order to make easier the comparison with the 3D exact results.
The fifth benchmark about a three-layered isotropic plate is discussed in Table 12 and in Figure 12 . From the Table 12, it is clear how the behavior is similar to that already seen for the one-layered and two-layered plates even if the transverse anisotropy is different from the one-layered and two-layered cases. For the sake of clarity, the first five vibration modes with w≠ 0 are shown in Figure 12 for the 2D FE analysis (left side) and the 3D exact model (right side). The behavior is the same already seen for the first benchmark, the introduction of further layers does not change the vibration modes in terms of half-wave numbers (m,n). For thick plates, the 2D FE code gives some in-plane modes (w=0) that are also calculated by the 3D model. However, the 3D model also gives further frequencies (e.g., for m=1 and n=0, or m=0 and n=1) that have not been calculated by the 2D FE code.
The sixth benchmark proposes a three-layered isotropic cylinder (see Table 13 ), the behavior is the same already seen for the one-layered cylinder in benchmark two and for the two-layered cylinder in benchmark four. The behavior of the vibration modes obtained with the imposed half-wave numbers (m,n) is not a priori predictable. The presence of three different isotropic layers gives a bigger transverse anisotropy. Therefore, FE results give bigger errors, in particular for thicker structures and for some vibration modes. In the case of thick cylinder, there are some modes with transverse displacement w=0 that are not present for thin geometries.
The seventh benchmark considers a three-layered composite cross-ply 90 ∘ /0 ∘ /90 ∘ plate. The frequency results for this symmetric laminated plate are given in Table 14 . Even if a plate geometry is considered, the half- wave number (m,n) for the first ten frequencies are different with respect to the three-layered isotropic plate already proposed. This feature is due to the fact that there is an orthotropy. For this reason, the imposition of a certain value for half-wave number m in x direction is different from the n value in y direction. Therefore, the first ten frequencies for thin plates are not given by the first ten possible combinations of m and n from 1 to 4. For thick plates (a/h=20 and a/h=10), the FE code gives some in-plane modes with w=0. The 3D model also obtains such modes, but it also gives further vibration modes (e.g., the first ones for (0,1) and (0,2)) that are not given by the FE code. The transverse anisotropy in the thickness direction is smaller than the isotropic cases that have three layers embedding different materials. For this reason, the errors given by the 2D FE model are smaller than errors seen in benchmarks three and five. Bigger errors are given for thick plate (a/h=20 and 10) but these errors are negligible for the in-plane modes with w=0 that have not any 3D effects.
The eight benchmark analyzes a three-layered composite cross-ply 90 ∘ /0 ∘ /90 ∘ cylinder (see Table 15 and Figure 13 ). The errors given by the 2D FE code are smaller than those seen for benchmarks four and six. In fact, in the case of two-layered and three-layered isotropic cylinders the transverse anisotropy is bigger. The 2D FE code seems to give acceptable errors for all the thickness ratios and for each frequency (from the first to the tenth). The first five modes with transverse displacement w≠ 0 for this cylinder are shown in Figure 13 for both 2D FE and 3D exact analyses. There are not big differences with respect to the modes already plotted for the two-layered isotropic cylinder. The half-wave numbers (m,n) to calculate the first five modes with w≠ 0 change with respect to the isotropic case, but the general behavior remains the same. Some vibration modes with w=0 are calculated by the FE code in the case of thick cylinder. For thickness ratio Rα/h=5, the FE code gives a mode with w=0 for m=4 and n=0. The 3D model also gives such a value but it also proposes a lower vibration mode for m=4 and n=0 that has not been calculated by the 3D FE code. The four-layered composite cross-ply 90
∘ plate for the benchmark nine is analyzed in Table 16 , and the first five vibration modes with transverse displacement w≠ 0 are given in Figure 14 . In this case the lamination is not symmetric and the bottom 0 ∘ layer is able to compensate the behavior of the top 90 ∘ layer. For this reason, even if an orthotropic material is employed, results for half-wave numbers (1,2) are equal to those for (2,1), those for (1,3) are equal to those for (3,1), and so on. FE results are quite correct for each vibration mode. For thick plates (a/h=20 and a/h=10), the FE code gives some inplane modes (w=0) for half-wave numbers (0,1) and (1,0), and (0,2) and (2,0). The 3D method also gives such frequencies but it also gives further modes (the first I for (1,0), (0,1), (2,0) and (0,2)) that are not obtained by the FE code. Figure  14 about vibration modes with w≠ 0 confirm that the behavior is a priori predictable. The modes through the thickness show a transverse anisotropy (zigzag form of the displacements). However, this transverse anisotropy is small. The tenth benchmark is about the four-layered composite cross-ply 90 Table 17 confirm the same behavior already seen for the other cylinder configurations. Moreover, the errors obtained via the 2D FE analysis are smaller with respect to the two-layered and three-layered isotropic cases because there is a smaller transverse anisotropy. For the thick cases with Rα/h=10 or 5, there are some vibration modes with w=0 for half-wave numbers (2,0) and (0,1). For Rα/h=5 shell, the FE code gives a frequency with w=0 for halfwave numbers (4,0). This frequency is also obtained by the 3D method. The 3D solution also gives another lower frequency for (4,0). The eleventh benchmark considers a square sandwich plate with isotropic aluminium skins and an isotropic core in PVC. In this case the transverse anisotropy is very big because the elastic and mechanical properties of the core are completely different from those of the skins. This feature is confirmed by the results given in Table 18 . The errors given by the 2D FE code are acceptable only for thin plates (a/h=1000 or 100) but they are too large for thick plates (a/h=20 or 10) for each frequency investigated (from the first to the tenth). The simple 2D kinematic model employed in the MSC Nastran code is not able to investigate thick and moderately thin sandwich structures with a big transverse anisotropy. The 3D element of Nastran could give better results but is is not used in this work because the main aim is the comparison between 3D exact models and 2D FE models. This 2D element of Nastran gives wrong frequencies that are smaller than 3D results, and this feature demonstrates how the code does not work in a correct way for such a benchmark. The plate is isotropic in the plane and for this reason the vibration behavior is a priori predictable. In this benchmark, the FE code does not give any in-plane frequency (see all the thickness ratios a/h).
The same considerations seen in Table 18 for the sandwich plate are confirmed in Table 19 for the sand- wich cylinder. FE results are acceptable for thin shells (Rα/h=1000 and 100) but they are completely wrong for thick shells (Rα/h=10 and 5). This feature is due to the big transverse anisotropy of this configuration. This transverse anisotropy is confirmed by Figure 15 where the first five frequencies with w≠ 0 obtained by the 3D exact model exhibit an important zigzag behavior for displacement components through the thickness. The cylinder is isotropic but its behavior in terms of vibration modes and half-wave numbers is not easily predictable because of the coupling given by the radius of curvature Rα. In this last case there are not in-plane frequencies given by the FE code for thick cylinders. The FE results are completely wrong for thick shells as demonstrated by the values of frequency that are smaller than 3D values. Figures 16-19 show how the first (I) 3D frequency values change with the half-wave numbers (m,n) in the case of simply supported one-layered and two-layered isotropic plates and cylinders. Figure 16 gives frequencies for onelayered isotropic plates with thickness ratios a/h equal 1000, 100 and 10. For n=1, frequency increases with the increasing of half-wave number m. The same behavior is confirmed for the curves related to n=2 and n=3. When n increases the curves move to higher values of frequency. Figure 17 shows frequencies for one-layered isotropic cylinders with thickness ratios Rα/h equal 1000, 100 and 10. The coupling between displacement components due to the curvature Rα gives the minimum value of frequency for a circumferential half-wave number different from one (e.g., m=18 for longitudinal half-wave number n equals 1 and thickness ratio Rα/h = 1000). When the longitudinal half-wave number n increases, the curves move to higher values of frequency and the minimum in frequency moves to higher values of m. When the thickness ratio of the cylinder decreases (thicker shells), the values of circumferential half-wave number m that give the minimum of frequency also decrease. For example, for longitudinal half-wave number n=1, there is a minimum in frequency for m=18 for thickness ratio Rα/h = 1000, m=10 for Rα/h = 100, and m=6 for Rα/h = 10. The behavior of the twolayered structures (Figures 18-19) is the same already seen for the corresponding one-layered structures (Figures 16-17) , only the numerical values are different.
Conclusions
This paper has proposed an exact three-dimensional model for the free vibration analysis of one-layered and multilayered plates, cylinders, cylindrical and spherical shell panels. Comparisons with a commercial finite element code have been proposed (for the cases of plates and cylinders) in order to explain the method used for such a comparison and to see the possible differences between an exact 3D solution and a numerical 2D solution.
The exact 3D solution gives infinite vibration modes (for all the possible combinations of half-wave numbers (m,n)). A 2D FE code gives a finite number of vibration modes because it uses a finite number of degrees of freedom in the plane and in the thickness direction. A possible method to make a 3D versus 2D comparison is to calculate the frequencies via the 2D FE code and then to evaluate the 3D exact frequencies by means of the appropriate halfwave numbers (obtained via a correct visualization of the vibration modes via FE). It is obvious that the 3D analysis could give some frequencies that are missed by the 2D FE code, but this is not the aim of the paper. The paper tries to explain what could be the limitations of a commercial 2D FE code. A typical 2D FE code uses a Reissner-Mindlin model for the approximation of displacement components through the thickness direction. Results in this paper show how this model employed by commercial FE codes could give errors for thick and moderately thick structures, complicated lamination sequences, higher order frequencies and particular vibration modes. In these cases, the use of 3D finite elements or refined 2D finite elements is mandatory. The behavior of frequency values and vibration modes versus imposed half-wave numbers has been investigated via the 3D exact model. The behavior is simple and easily predictable for plate structures because the increasing of m and/or n values gives bigger frequency values. In the case of cylinder geometry there is a coupling between the displacement components due to the curvature. For this reason, when longitudinal half-wave number n is imposed, the minimum of frequency is obtained for a value of circumferential half-wave number m differ- ent from 1. Such values decrease when the thickness ratio decreases (thicker cylinders). When the longitudinal halfwave number n increases the curves frequency versus m move to higher values of frequencies and the minimum in frequency moves to higher values of the circumferential half-wave number m. These last considerations are very similar for one-layered and multilayered structures. 
